Design of proteins with selected thermal properties  by Morrissey, Michael P. & Shakhnovich, Eugene I.
Design of proteins with selected thermal properties
Michael P Morrissey1 and Eugene I Shakhnovich2
Background: Methods of model protein design have until now been largely ad
hoc, yielding sequences that are foldable only at some seemingly arbitrary
simulation temperature. But real proteins exist and must fold within an imposed
thermal environment. The need exists for a sequence design method based on
statistical-mechanical first principles, thus containing a rigorous treatment of
folding temperature.
Results: In this work, we report a method of rational sequence design that takes
a target structure and a desired optimal folding temperature TZ and generates a
sequence that is predicted to be thermodynamically stable with respect to the
target structure at a folding temperature TF ≈ TZ. This ‘cumulant design method’
is based on a mean-field high temperature expansion of the molecular partition
function. Folding simulations of the designed sequences confirm that sequences
designed at TZ do indeed fold optimally when TF ≈ TZ.
Conclusions: The cumulant method is highly successful in designing model
proteins. It also provides some insight into the thermal properties of real proteins,
illuminating the features that distinguish thermostable and psychrotropic (cold-
loving) sequences from their mesophilic counterparts.
Introduction
The sequence of a protein determines uniquely, through
interactions specific to the individual amino acids, the
three-dimensional structure of the folded protein [1].
Nature seems to have designed specific sequences to fold
into specific conformations, just as we can do with compu-
tational models.
This sequence design is sometimes referred to as the
‘inverse folding’ problem: given a three-dimensional
target structure, predict a sequence of amino acids that
will spontaneously fold to that structure (e.g. see [2]). A
well designed sequence for a given native state is one that
is stable in that target conformation and folds rapidly to
that conformation using a simple, physical folding model.
The simplest design approach is to minimize (in the space
of sequences) the energy of the native state, making
random point mutations and evaluating the fitness of
these mutations using a suitable optimization scheme. A
common optimization algorithm is Metropolis Monte-
Carlo (MC) [3], which specifies the probability of accept-
ing a mutation as: 
Pacc ={e– T—E–Eold if E > Eold1 E ≤ Eold (1)
where Eold is the energy of the molecule before the muta-
tion and T is the MC ‘temperature’ with units of energy.
(We absorb Boltzmann’s constant B into T.) This algo-
rithm converges in the canonical ensemble [4] and is an
ideal tool for studying thermal systems.
Keep in mind that the conformation of the chain remains
fixed throughout any sequence design simulation; all
energy evaluations are made with respect to this target
structure.
In reality, sequences designed by minimizing the energy
of the target structure do not fold. For virtually any target
conformation, the lowest-energy sequence will be a
homopolymer, consisting of N copies of the amino acid
with the largest self-attraction. The conformational
ground state of a homopolymer is highly degenerate; in
fact, all maximally compact conformations of a homopoly-
meric chain have equal energy. The entropic penalty of
such sequences prevents folding to any unique native con-
formation.
The most advanced previous design method utilizes sto-
chastic optimization of another physical quantity [5],
designing sequences with a large energy gap between the
native conformation and the set of misfolded, denatured
states (this gap is monotonically related to the ‘z-score’
used in some references; maximizing the gap is thus
equivalent to maximizing this z-score). The simplest
implementation is based on the approximation that the
free energy of the denatured state does not depend on
sequence (only on amino acid composition), while the
energy of the native state is sequence dependent.
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It is worth noting that homopolymeric convergence can
also be circumvented by keeping the stoichiometry of the
chain fixed (swap residues instead of making point muta-
tions; e.g. [5]), but this method is restrictive in that one
must start the simulation with a ‘good’ stoichiometry. A
poor mixture of amino acids will yield an unfoldable
sequence.
Subsequent improvements to the ‘gap method’ accounted
in a crude way for the dependence of the energy of
unfolded conformations on sequence, thus relaxing the
condition of fixed amino acid composition [6]. The same
approach with minor technical modifications was used in
the recent work by Deutsch and Kurosky [7].
The most serious shortcoming of all previous sequence
design methods is the conspicuous lack of reference to a
folding temperature TF. Stability and foldability are,
however, sensitive functions of TF [6,8,9]. Ideally, one
would like to design sequences that are foldable within a
pre-imposed, biologically relevant temperature range.
Since the stability of the native state is determined by the
difference in free energy between the unfolded state and
the native state, a realistic treatment of the temperature
dependence of the free energy of the denatured state is
paramount to any reasonable attempt of ‘rational’ protein
design.
In this work, we report a method of rational sequence
design that takes a target structure and a desired optimal
folding temperature TZ and generates a sequence that is
thermodynamically stable with respect to the target struc-
ture at a folding temperature TF ≈ TZ (Fig. 1). The
method, which we call the ‘cumulant design method’, is
based on a mean-field high temperature expansion of the
single-molecule partition function, which allows us to esti-
mate the free energy of the denatured state explicitly.
The gap method forms the basis against which the cumu-
lant design method will be compared. We will show that
the cumulant method designs sequences that are not only
stable and foldable, but are stable and foldable at a specifi-
able temperature TZ.
The cumulant design method
The energy of a model protein can be evaluated as:
E = 
N
  B(i,j) ij (2)i=1 j<i
where ij = 1 if monomers i and j are within some speci-
fied distance range in three dimensions, and 0 otherwise.
k is the identity of the amino acid at position k, and B is
the parameter set matrix, a symmetric energy matrix rep-
resenting the pairwise attraction (or repulsion) of the
various amino acids. We use the phenomenological para-
meter set of Miyazawa and Jernigan [10].
The probability of finding a chain in any given state
during the folding process is given by the canonical
ensemble:
P({x→}, {}, T) =
 
N–1
i=1 g (x
→
i+1 – x
→
i) exp (–E({x
→}, {})/T) (3)
Z({}, T)
where the {x→} represents the positions of the N monomers,
{} represents the amino acid sequence, and g explicitly
represents the constraints imposed by the chain [11] (we
absorb Boltzmann’s constant B into T). The conformation
space partition function is: 
Z({}, T) =  
N–1
g (x→i+1 – x
→
i) exp (–
E({x→},
T
{})
) (4)
{x→1…x
→
N} i=1
It is through the partition function Z that properties of the
unfolded state affect the stability of the native state. For
all but the smallest chains, these sums are impossible to
evaluate analytically or computationally.
Estimating the partition function may be recast as a
problem of estimating the density of states of the system:
Z(T) = ∫ ∞–∞ e–E/T (E)dE (5)
Using the normalized probability density function (pdf)
rather than the density of states:
Z(T) = 	N–1 ∫ ∞–∞ e–E/T 
(E)dE (6)
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Figure 1
Schematic of the sequence design process. The goal is to design a
sequence that folds to a specific conformation at a pre-specified
design temperature TZ.
Design temperature
Tz
3D target structure
L-T-G-C-I-P-Q-W
Sequence that folds to target structure
at temperature TF = TZ
Then:
P(x→1 … x
→
N, T) =
exp(–E(x→1 … x
→
Ν) /T) (7)
Z(T)
Here, the parameter 	 is introduced as the average
number of positions available to each bond between
residues, such that the total number of conformations of
an N-residue chain is approximately:
WC = 	N–1 (8)
It is useful to consider E as a formal random variable char-
acterized by the pdf 
(E). Defining the nth moment of E:
〈n〉 = ∫ ∞–∞ En 
(E)dE (9)
it is possible to expand the Fourier transform of 
(E):
∫ ∞–∞ e–itE 
(E)dE = Σ
∞ (–it)n
n=1 n!
〈n〉 (10)
The left-hand side of equation 10 is the characteristic
function 
∧(t). In a similar fashion, we can expand the loga-
rithm of the characteristic function to define the cumu-
lants 〈cn〉 of the random variable E:
log ∫ ∞–∞ e–itE 
(E)dE = Σ
∞ (–it)n
(11)n=1 n!
〈cn〉
Exponentiating this equation and taking the inverse
Fourier transform of both sides yields:

(E) = 1 ∫ ∞
–∞
exp(∞Σ (–it)n 〈cn〉)eitEdt (12)2 n=1 n!
which we substitute into equation 6 to yield:
(T) = 	
N–1 ∫ ∞
–∞
e
– –E
T ∫ ∞
–∞
exp(∞Σ (–it)n 〈cn〉)eitEdtdE (13)2 n=1 n!
This quantity can be evaluated numerically, but can be
simplified greatly by changing the order of integration:
(T) = 	
N–1 ∫ ∞
–∞
exp(∞Σ (–it)n 〈cn〉)[∫ ∞–∞eitEe– –ET dE]dt (14)2 n=1 n!
which evaluates immediately to:
(T) = 	
N–1 ∫ ∞
–∞
1
exp(∞Σ (–it)n 〈cn〉)dt (15)2 it–(1/T) n=1 n!
Since the integrand has a simple pole at t = (iT)–1, we can
apply Cauchy’s residue theorem:
(T) = 	
N–1
exp(∞Σ (–1)n 〈cn〉) (16)2 n=1 n!Tn
This is a high-temperature expansion of Z(T).
Of course, equation 16 is useful only if we can estimate
the cumulants of E. We proceed by calculating the set of
moments 〈n〉s of the single contact energy Es in the mean
field:
〈n〉s = 
N
i,j=1 Pij[B(i,j)]n
(17)
N
i,j=1 Pij
In our mean-field approximation, monomers i and j are
assumed, during random motion, to interact with a proba-
bility Pij, determined by the chain connectivity. Since the
correlation length in globules is small [11], a good estimate
of Pij for the globular, denatured state is the uniform dis-
tribution over all allowed contacts [12,13]. Under such a
condition, each sterically possible contact between
residues i and j is assumed to occur with equal likelihood.
(On a cubic lattice, this excludes contacts for which i – j is
even.)
From here, we use a recursive relationship [14] to calcu-
late the first n single-contact cumulants of E in terms of
{〈1〉s … 〈n〉s}:
 〈c〉 
(it)
= Σ
∞ (–1)s+1 (Σ 〈µ〉 (it))s (18)≥1 ! s=1 s ≥1 !
This may be derived by combining equations 10 and 11,
and Taylor expanding log p∧ (t) about p∧ = 1. 
The first three cumulants are commonly referred to as the
mean, variance, and skew:
〈c1〉 = 〈1〉〈c2〉 = 〈2〉 – 〈1〉2〈c3〉 = 〈3〉 – 3〈2〉 〈1〉 + 2〈1〉3
It is extremely useful that the cumulants of independent
random variables obey the central limit theorem. In fact,
the additivity of cumulants of independent random vari-
ables is an expression of this key statistical theorem. For
independent random variables A and B:
〈cn〉 A+B = 〈cn〉A + 〈cn〉B (19)
and for independent, identically distributed random vari-
ables:
〈cn〉kA = k〈cn〉A (20)
for positive integer k. To see this, note that the pdf of a
sum of independent random variables is the convolution
of the pdfs of the individual random variables. That is:
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A+B (E) = ∫ ∞–∞ 
A (E′) 
B (E – E′) dE′ ≡ (
A  
B) (E) (21)
Applying the convolution theorem to equations 21 and 11:
(
A 
∧

B) (t) = 
A
∧ (t) 
B
∧ (t) (22)
we arrive at the results expressed in equations 19 and 20.
(As before, we use 
∧(t) to represent the Fourier transform
of 
(E).)
An advantage of expressing a distribution of energies in
terms of its cumulants, rather than its simple moments, is
that it is often possible to truncate a cumulant expansion
after some number of terms and still obtain a ‘reasonable’
approximation of the pdf not too far from the central
region. One need look no further than a uniform distribu-
tion to find that the same is not true for expansions in
simple moments.
We utilize the high temperature expansion (eq. 16) and
the noted properties of cumulants to present the cumulant
algorithm for sequence design.
Cumulant algorithm summary
1. Begin with a target structure and a random sequence.
The target structure will remain fixed, as the optimization
occurs in sequence space.
2. Compute the first n moments of the single-contact
energy (eq. 17). The probabilities Pij are functions of the
positions of residues along the chain, but are independent
of the identities of the residues. (The simplest Pij is the
uniform distribution over all allowed contacts: on a cubic
lattice, Pij is 1 for i – j odd, and 0 for i – j even.)
3. Compute the first n single-contact cumulants in terms
of the first n moments (eq. 18).
4. Utilize equation 20 to approximate the cumulants of the
total molecular energy. Assuming a fixed number of con-
tacts NC (see Results for a discussion on choice of NC):
{〈c1〉 … 〈cn〉} = {NC 〈c1〉s … NC 〈cn〉s} (23)
5. Compute the partition function using the high-tempera-
ture approximation (eq. 16). Note that the temperature
used is our cumulant design temperature TZ, which is pre-
dicted to be the optimal folding temperature.
6. Calculate the fitness parameter, the canonical probabil-
ity of native state occupancy, according to equation 24:
P(T) = 2 exp(EN – ∞Σ (–1)n 〈cn〉) (24)	N–1 n=1 n!Tn
For convenience, we actually maximize the quantity PZ,
which behaves monotonically with P:
PZ (T) = EN –
∞
Σ
(–1)n 〈cn〉 (25)n=1 n!Tn
We use an unnormalized version of PZ, since 	 is only
approximately known.
7. Make a random mutation in sequence space. (A muta-
tion consists of randomly choosing a residue and then ran-
domly assigning a new identity (out of 20) to that residue.)
8. Compute PZ for the new state and accept or reject the
mutation according to the Metropolis criterion (eq. 1).
One must use a convenient ‘sequence space temperature’
to run the simulation; this is independent of TZ. See the
discussion of temperature below.
9. Continue the MC search until equilibrium is reached
and PZ is (approximately) maximized. The sequence asso-
ciated with the largest PZ is the designed sequence.
Computational results
We designed a number of sequences for different target
backbones and with various cumulant design temperatures
and tested the thermodynamic and kinetic properties (sta-
bility and folding times, respectively) of these sequences.
For computational simplicity, simulations were run within
the context of a cubic lattice model. Under such a model,
each amino acid residue is represented as a vertex on a cubic
lattice, and two residues ‘interact’ if they are lattice neigh-
bors but do not occupy successive positions on the chain.
A few words on temperature
We make reference to three distinct temperatures (really
characteristic energies) in our discussion of sequence
design and folding. The first, and least important to our
discussion, is the sequence space MC temperature TS,
used in the context of equation 1 to overcome local
minima in sequence space. TS is not related to any physi-
cally important quantity, but choosing an optimal TS
speeds the sequence design process considerably. Selec-
tion of an appropriate TS may be made by trial and error,
choosing whatever value allows a thorough optimization of
the quantity being maximized (in this case, native state
probability) in some reasonable computational time.
The second temperature is the MC folding temperature TF
used in the context of equation 1 to introduce thermal
motion into folding simulations. This is a physically signifi-
cant parameter (the probability of finding the chain in any
given state during the folding process estimated by eq. 24).
Even the best designed sequence can fold within only a
limited range of TF: at low temperatures, the chain freezes
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into one of many local energy minima, and at high temper-
atures the native state is no longer stable. (The problem of
freezing at low temperature is of a kinetic nature and is
not surmisable from the partition function itself.)
The last temperature is the ‘cumulant design tempera-
ture’ TZ, which is an input parameter to the cumulant algo-
rithm. The cumulant design method uses equation 25 to
select a sequence that has a high occupancy probability (a
pronounced free-energy minimum) at temperature TZ. For
this reason, sequences designed at a cumulant tempera-
ture TZ are predicted to fold optimally and stably at
folding temperature TF ≈ TZ.
Results
Figure 2 demonstrates that the optimal folding temperature
for a sequence strongly correlates with the cumulant design
temperature TZ for the same sequence. This is true over a
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Figure 2
(a) Foldicity versus folding temperature 
(36-mer). 250 sequences were designed for
five randomly chosen, maximally compact
backbones at five cumulant design
temperatures TZ. Each sequence was folded
10 times at each of several temperatures TF,
and folding times were sorted by TZ and TF.
(We define foldicity as the percentage of runs,
starting from a random-coil configuration, that
fold to the native state in less than one million
steps.) For TZ ≤ 0.5, foldicity peaks near TF =
TZ, as predicted. For higher TZ, this
relationship breaks down, as there is an upper
limit on TF imposed by the interaction matrix.
(b) Median folding time versus folding
temperature. Since folding simulations were
cut off at 106 MC steps, the maximum
computable median is 1 000 000 steps.
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factor of two in absolute temperature; within this range, the
minimal folding time, or maximum ‘foldicity’ (percentage
of runs that found the native state in ≤ 1 000 000 MC steps),
occurs for TF ≈ TZ. The relationship breaks down at high TZ
for reasons that will be discussed below.
Stability runs were made on the same designed
sequences. Starting from the folded state, sequences were
subjected to folding simulations of 2 000 000 MC steps.
Figure 3 shows that sequences designed at high TZ are
more stable at any folding temperature than sequences
designed at low TZ. (We acknowledge that longer runs
would be necessary to confirm the stability data at very
low TF.) This relationship is crystallized in Figure 4,
which plots denaturation temperature versus TZ.
To confirm that PZ is a useful parameter to optimize, we
designed sequences at TZ = 0.35 that had various nonmaxi-
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Figure 3
Stability versus folding temperature (36-mer).
The same 250 sequences designed for Fig. 2
were tested for denaturation. Starting from the
native state, the sequences were subjected
to 2 000 000 MC steps. Here, stability is
defined as the percentage of MC time spent
with (a) ≥ 34 and (b) ≥ 39 of the 40 native
contacts intact. It is notable that sequences
designed at a higher TZ are more stable at any
TF than sequences designed at lower TZ.
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mal values of PZ. Folding these sequences confirmed that,
for TF = TZ, higher values of the fitness parameter PZ
translate directly into faster folding (Fig. 5). The relation-
ship is not as clear when the folding temperature is far
from TZ.
As a control, we designed sequences using the ‘gap’
method, keeping the interaction probabilities Pij equal to
those used for the cumulant method (see [15] for some
details and representative results of the gap method). The
folding and stability results are shown in Figure 6.
Additionally, a large number of folding runs were made on
one sequence designed with the cumulant approach
(Fig. 7), since the properties demonstrated in Figures 2
and 3 are averaged over many designed sequences. The
center of the folding peak is somewhat displaced from its
expected value due to inescapable variation in the
designed sequences. Thus, the average folding peak over
many such sequences is somewhat narrower than that of
any individual sequence.
Figure 8 shows similar results for a 64-mer chain. The
data are considerably more sparse due to longer run times.
The relationship between optimal TF and TZ is not as
precise as with the 36-mer, perhaps due to the tendency
of longer chains to form domains [16]. This might be
remedied with a wiser choice of Pij to reflect domain-
forming tendencies.
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Figure 4
Denaturation temperature versus TZ. Defining the denaturation
temperature TD as the value of TF at which stability = 0.5 (see Fig. 3),
we plot the relationship between denaturation temperature and the
cumulant design temperature TZ. The relationship is approximately
linear for low TZ, supporting the cumulant design hypothesis. However,
TD saturates at high TZ.
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Foldicity versus PZ (36-mer). 400 sequences
were designed at TZ = 0.35, stopping at
various values of the optimization parameter
PZ. These sequences were folded at several
folding temperatures TF. For TF ≈ TZ, the
relationship between foldicity and PZ is
monotonic, suggesting that PZ is a suitable
optimization parameter. It is evident from the
TF = 0.25 curve that this monotonicity fails
when TF << TZ.
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Figure 9 demonstrates that altering the first virial coeffi-
cient (net attraction or repulsion) of the folding process
does not improve folding times. The optimal folding tem-
perature does shift laterally in an intuitive way, however:
adding a net attraction causes optimal folding to occur at a
higher TF, which is capable of overcoming that attraction.
Finally, since the effective number of contacts NC is not
analytically known (computing NC analytically requires
knowledge of the total number of states with N contacts
— a highly nontrivial computation), it was worthwhile to
design and fold sequences assuming various values of NC.
Figure 10 shows the result of such computations. The
quantity cm (the ‘contact multiplier’) draws meaning from
the relationship:
NC = cm × NCmax (26)
where NCmax is the number of contacts in the maximally
compact state. (cm > 1 is unphysical, but the results are
perhaps interesting.) It seems that the best designed
sequences, in terms of optimal folding rate and proximity
of the folding peak to TZ, occur for cm ≈ 1.00. We had
made this assumption in our previous computations.
It is not clear why the ‘best’ sequences are designed
assuming a maximal number of contacts (cm = 1.00). The
(real) partition function for the folding process certainly
contains many terms for noncompact states, and much of
the folding process itself involves states that are only par-
tially compact. It is likely that our observations regarding
optimal cm are due to the imprecision of the mean-field
approximation.
Discussion
It is evident that our mean-field cumulant method gives
a reasonable estimate of the folding partition function:
we are able to design model proteins that are stable (and
foldable) at a given temperature. This is useful as a
model for enzymes that function in unusual thermal
environments, but is also useful for thinking about
design of ‘normal’ mesophilic proteins. Previous
methods designed sequences that had an inflexible,
built-in, characteristic folding temperature (see Fig. 6).
This temperature had to be determined from folding
simulations and its biological significance was unclear.
The cumulant method, however, allows us to design
sequences for activity at a biologically relevant tempera-
ture. (The exact correspondence between temperature
on a lattice and that in real proteins is not important
here; the relevant thought is merely that we have some
flexibility in designing sequences for use at a desired
temperature.)
Stability data (Fig. 3) show that sequences designed with
high TZ are more stable at all folding temperatures than
sequences designed at lower TZ. It is an interesting issue
why, for example, sequences designed at TZ = 0.28 are
398 Folding & Design Vol 1 No 5
Figure 6
Median folding time and stability curves for 50
sequences designed for maximal ‘gap’
gap =
EN – EC
 – EC
where EN is native state energy, EC is the
‘critical energy’ below which there is a
discrete energy spectrum, and  is the mean
energy as calculated by the cumulant method.
Maximizing this gap is analytically equivalent
to maximizing the ‘z-score’ commonly seen in
the chemical literature.
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more stable at TF = 0.20 than sequences designed at TZ =
0.20. The discrepancy could lie in inaccuracy of the sta-
bility data themselves, since the stability curves in
Figure 3 are unreliable at temperatures well below the
foldable range for that sequence. (At very low tempera-
tures, the simulation time necessary for attaining thermo-
dynamic equilibrium is longer than is practically
possible.) What is known is that sequences designed at
temperature TZ1 have divergent fitness parameters PZ
when evaluated with respect to TZ2 << TZ1. It seems that
kinetic aspects of the design process itself prevent design
of sequences that are ultrastable at the given TZ. This
seems fortuitous: we are interested only in sequences that
have convergent high-temperature expansions (eq. 16)
and thus that lend accurate representations of the density
of states. It is these sequences (and only these sequences)
that can be foldable at TF ≈ TZ. Sequences designed with
a divergent series (eq. 16) are very unlikely to be stable at
the given TZ. There is no physical reason why ‘conver-
gent’ sequences should be generated in the design
process; a detailed study of convergence properties would
require knowledge of the nonphysical sequence design
landscape.
Thus, the salient point seems to be that the cumulant
design algorithm finds those sequences that are maximally
stable at a given design temperature TZ and have conver-
gent cumulant (high-temperature) expansions at that tem-
perature. This yields sequences that are quite stable, and
foldable, near TZ.
Of particular interest is the newfound ability to design
thermostable sequences. To this end it is instructive to
study which features of sequences are responsible for
optimal behavior at high folding temperatures TF. To
approximate the optimized quantity given by equation 25,
one can keep only two terms in the cumulant expansion: 
PZ ≈ – EN + NC (B0 –
2
)
(27)2T
(a similar expression for the partition function of a disor-
dered heteropolymer was obtained in [17,18]) where B0 is
the average interaction energy and 2 is its variance. It is
clear from equation 27 that at low temperature, sequences
with minimal dispersion should be selected, perhaps at
the expense of compromising low target state energy EN,
while at higher T this factor is less important and what is
mostly optimized is EN. Figure 11a shows that this is pre-
cisely what occurs.
We see that in order to remain stable in a warm environ-
ment, a protein’s native contacts must be quite strong.
This restricts the available amino acids to those that are
capable of forming strong contacts and thus lowers the
‘effective number of letters’ (Fig. 11b). We define Neff as:
Neff = exp (Σi Pi ln Pi) (28)
where Pi is the normalized frequency of occurrence of
amino acid i in the sequence. The quantity inside the
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Figure 7
Median folding time and stability curves for
one 36-mer, with TZ = 0.28. Note that the
foldable region in TF is significantly wider and
is displaced toward higher TF than the TZ =
0.28 curve in Fig. 2b. The previous curve
represents an average, over many designed
sequences, of folding curves like the one in
this figure.
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exponential is the sequence information entropy. A
sequence with an equal number of each of 20 amino acids
has Neff = 20; for a homopolymer, Neff = 1. 
The two-cumulant approximation (eq. 27) highlighted the
differences between sequences designed at low and high
temperatures. But recall that we used 15 cumulants,
enough to infer convergence of the high-temperature
expansion (eq. 16) in our design runs. Why not design
sequences using only two cumulants? To answer this, we
designed several sequences at various TZ keeping only two
terms. The gain from higher cumulants seems to be in ther-
modynamic accuracy – that is, folding at the temperature
specified by design. Sequences designed with only two
terms were foldable, but not necessarily at the desired tem-
peratures. In particular, the ability to design low T
sequences was lost, as might be expected from equation 25.
Finally, we explored the relationship between the fitness
parameter PZ and the design temperature. As expected
from the definition of PZ, our fitness parameter diminishes
nearly linearly with TZ over our foldable range of design
temperatures (Fig. 11c).
Comparison to the z-score
Sequences designed to maximize the ‘z-score’ would
seem to have no preferred folding temperature, since the
z-score itself makes no explicit reference to temperature.
Yet Figure 6 shows that such sequences fold efficiently for
TF ≈ 0.27. In order to explain this apparent paradox, we
must consider the energy scale of our model protein. 
The only energy scale in z-score design enters implicitly
through the parameter set of Miyazawa and Jernigan [10].
The mean energy in this 20 × 20 matrix is irrelevant to the
design process, since adding any constant to all terms in
the matrix would not favor any amino acid over any other.
The logical choice for a characteristic energy would be the
standard deviation of the Miyazawa–Jernigan set; substi-
tuting T =  into the cumulant expansion (eq. 25) and
making the very loose assumption that  for a designed
sequence is of the order of param yields:
PZ ≈
–EN +  + higher order terms (29)
=  z-score  + higher order terms (30)
In this sense, ‘gap’ design is roughly equivalent to cumu-
lant design with TZ = param. We note that Miyazawa–Jernigan
≈ 0.29, within 10% of the mysterious ‘preferred’ TF of
sequences designed with the z-score method.
Temperature limitations
We have demonstrated a method for designing sequences
that fold optimally at a specified target temperature.
Although the algorithm is effective over a factor of two to
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Figure 8
Foldicity versus folding temperature (64-mer).
The data are more sparse (only one folding
run per sequence, compared to 25 for the 
36-mer), due to longer simulation times.
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three in absolute temperature, it is not generally possible
to design sequences that are stable at temperatures
outside this range. The explanations are somewhat differ-
ent at low and high T.
As previously noted, it was effectively impossible to
design sequences with TZ < 0.20 due to divergence of the
high-temperature expansion. We could attempt to avoid
divergence by adding higher and higher cumulants, but
this would be infeasible beyond a certain point. Computa-
tionally, it would require calculation of higher moments
and cumulants and would slow design significantly. Addi-
tionally, the higher-order cumulants calculated by our
algorithm less accurately represent the real density of
states, due to limitations of the mean-field approximation.
Calculation of the mean, variance and skew of 
(E) in the
mean field may be quite reasonable, but calculation of 100
cumulants in the same way is probably nonsensical.
At high TZ, we have seen that the effective number of
letters in a designed sequence drops significantly. This sug-
gests a heuristic reason why the cumulant design method
will not work for an arbitrarily large design temperature: in
order to produce a sufficiently low native state energy, the
number of available amino acids (Neff) is reduced to the
point where there is no longer a many-to-one mapping from
sequence space to conformation space. The size of
sequence space for a chain with N monomers is:
Ws = LN (31)
where L is the effective number of letters. Thus for 	 < L
(see eq. 8), sequence space is much larger than conforma-
tion space. As L decreases, however, there exist many con-
formations without unique sequences that fold to those
conformations. We see the beginning of this breakdown at
TZ = 0.75. Sequences designed in this regime have longer
median folding times than those designed at lower TZ;
additionally, thermostability of the high-TZ sequences sat-
urates (as in Fig. 3).
Suitability of the lattice model
With any theoretical model, it is possible to ask which
demonstrated properties represent characteristics of the
complex system being modeled, and which are merely arti-
facts of the model itself. Specifically, are our results limited in
scope to the cubic lattice? The answer is almost certainly no.
Although lattice model proteins might not ‘look’ realistic,
they share many essential thermodynamic and kinetic
properties with real proteins. Lattice proteins exhibit the
same ‘Levinthal’s paradox’ [19] as their real-world coun-
terparts; that is, their native states are found in times far
less than the times required for an exhaustive search of
conformations. Additionally, lattice models have been
used to predict several properties of real proteins, such as
nucleation mechanisms. Preliminary experimental data
have lent a measure of support to such predictions [20,21].
Secondly, and perhaps more importantly, the cumulant
design method itself is not beholden to any particular model.
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Figure 9
Effect of added attraction/repulsion on folding
times for one sequence designed with TZ =
0.36. An average B0, representing attraction
when negative and repulsion when positive,
was added to the Miyazawa–Jernigan
parameter set upon folding. It is apparent that,
over a significant range, adjusting B0 is
equivalent to adjusting the design temperature
TZ.
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The only design inputs specific to the model are those —
such as the parameter set B(, ) — that determine the
energy moments 〈1〉…〈n〉. Once these moments are deter-
mined, the calculation of PZ is completely independent of
the model. Protein-like models might use complex parame-
ter sets with additional degrees of freedom for distance and
angular orientation — perhaps B(, , r, , ) — but this
would enter only at the level of the calculation of energy
moments (in design) and of the energy itself (in folding). Of
course, it is necessary to use the same parameter set for
design as for folding, but as long as we design and fold within
the same model, the cumulant design method should
succeed. There is no reason why the cumulant method could
not be applied in the future to the design of real proteins,
given the development of a tractable and realistic model.
We have demonstrated the design of model proteins that
fold stably within a specified range of temperature and
402 Folding & Design Vol 1 No 5
Figure 10
(a) Effect of assumed number of contacts on
folding times for one sequence designed with
TZ = 0.36. The parameter cm represents the
fraction of the maximal number of contacts
assumed in computation of PZ. For instance,
for a 36-mer, a cm of 0.9 assumes that 36 of
the 40 maximal contacts are present on
average. The optimal design occurs for cm ≈
1.00. Lower values of cm shift the folding
curve toward lower temperatures, and vice
versa as shown in (b).
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have alluded to the feasibility of designing real proteins
with similar characteristics. But is there evidence that real
proteins are designed with the same considerations? The
answer is yes.
Real proteins: perspectives and conclusions
There are many examples in nature of organisms that
thrive at low and high temperatures, from thermophilic
bacteria living near 100°C to organisms living in arctic
waters. Such temperatures would prohibit activity of the
enzymes present in ‘normal’ mesophilic organisms.
Organisms living in extreme thermal conditions have their
own, uniquely designed versions of many life-sustaining
proteins.
An illuminating example of homologous sequences
having different thermodynamic and kinetic properties is
that of ribonucleotide reductase [22]. The version of this
enzyme present in the mesophile Lactobacillus leichmannii
is maximally active at 49°C, while its counterpart in the
thermophile Thermus X-1 demonstrates maximal activity
at about 70°C. Importantly, the activity curves are narrow:
at 49°, the thermophilic enzyme is less that 30% active,
and at 70°, the mesophilic homolog is completely inac-
tive. For either curve, the (full) width at which activity is
half of maximal is only about 20°C, or 7% of absolute
temperature.
Another example of an enzyme family with variation in
optimal temperature is -amylase, whose variants in ther-
mophilic and mesophilic bacteria behave in the same
fashion as ribonucleotide reductase [23]. Numerous other
examples of temperature-optimal folding exist in the liter-
ature (pp. 181–198 in [24]).
The implicit assumption is, of course, that enzymatic
activity correlates closely with foldability. Because experi-
mental activity curves are dependent on factors such as
diffusion and solubility of ligands etc., it is probably not
fruitful to compare detailed features of individual activity
curves to those of our simulated foldicity curves. But
although factors other than foldicity certainly affect the
width and shape of individual activity-temperature curves,
it is quite reasonable to assume that shifts in folding pro-
files among related enzymes from different species are
due to variable foldicity among these enzyme homologs.
We see that a given protein can indeed fold only within a
particular thermal environment; the evolution of warm-
blooded animals is a testament to the benefits incurred by
designing an entire biochemical system to function in a
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Figure 11
(a) Average native state energy and energy deviation versus TZ for 250
sequences. (b) Effective number of letters (Neff) versus TZ. Neff is the
information entropy of a sequence, equal to Pi ln Pi over all 20
possible amino acids. Sequences designed at large TZ require very low
native state energies for stability and thus are restricted to a smaller
subset of amino acids to provide these large attractions. (c) Average
fitness parameter PZ versus TZ for 250 sequences. PZ, as discussed in
the text, is logarithmically related to the occupancy probability of the
native state. The relationship between PZ and TZ is approximately
linear.
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narrow temperature range. These benefits are certainly
not entirely due to protein folding considerations, but
serious problems due to inadequate thermal regulation in
such organisms (e.g. high fever in humans) can be traced
to the inactivation, or unfolding, of key enzymes at a few
degrees above normal temperature.
Protein folding is a crucial process in all living organisms,
and the ability of nature to design foldable proteins in
light of Levinthal’s paradox is remarkable. And though it
might be impossible to design a single protein that folds at
all habitable temperatures, nature has been able to give
each organism the proteins it needs to thrive in its own
thermal environment.
Materials and methods
We made several computational studies of the cumulant design
method, measuring folding and stability profiles of sequences
designed at various design temperatures TZ. As a control, we com-
pared these data to those for sequences designed for maximal ‘gap’.
The results were favorable: sequences designed with the cumulant
algorithm fold at least as rapidly as those designed for maximal gap.
And more importantly, TZ proves a good predictor of the optimal
folding temperature, allowing us to design sequences with specified
(optimal) TF.
For our target (native) structures, we used five random maximally
compact 36-mer backbones. Each structure was obtained by collapse
of an attractive 36-residue random coil, using the MC folding algorithm.
We used several structures in order to demonstrate that any properties
noted are not artifacts of a particular native conformation.
10 sequences were designed for each of five cumulant design temper-
atures (TZ = 0.20, 0.28, 0.36, 0.44, 0.75). This was carried out for
each of the five random backbones, for a total of 250 designed
sequences. The cumulant expansion was cut off at 15 terms which, by
inspection, was more than enough terms to infer convergence of the
series. (It was difficult to design sequences with TZ << 0.20 due to
divergence of the high-temperature expansion; eq. 16). Sequences
were ‘optimal’ in the sense that they maximized PZ(T). Figure 12 is a
representation of one of our designed backbones, shown with a
sequence designed for that backbone at TZ = 0.28.
The parameter set used was the aforementioned Miyazawa–Jernigan
set [10], which has a mean energy (among all possible pairwise inter-
actions) M–J = 0.02 and a standard deviation M–J = 0.31. The cumu-
lant design temperatures (TZ) and the attempted folding temperatures
(TF) are meaningful only within the context of these parameter set char-
acteristics.
We ran 10 folding simulations, at various temperatures, on each of the
designed sequences. The runs were 1 000 000 MC steps in length.
The folding algorithm was that of [25], utilizing three standard moves:
tail move, corner flip, and crankshaft (Fig. 13). A MC step consists of
one randomly chosen (sterically possible) move, whether or not that
move is accepted according to the Metropolis criterion.
Note added in proof
After this paper had been accepted, we became aware of
the work by Seno et al. [26] in which a design procedure
was suggested based on MC optimization in sequence
space of the same fitness parameter P(T) as in equations 3
and 24 of the present work. The difference between our
approach and that of Seno et al. [26] is that we use cumu-
lant expansion to approximate partition function Z in
equation 3, while in [26], dynamic growth simulation in
conformational space or even exhaustive enumeration of
conformations is performed after each mutation to evalu-
ate the conformational partition function Z.
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Figure 13
Folding move set. Three moves are allowed in cubic lattice folding
simulations: tail move, corner flip, and crankshaft. All moves are local,
involving only one or two residues.
Tail move
Corner flip
Crankshaft
Figure 12
A maximally compact 36-mer, shown with a sequence designed to fold
optimally to that structure at TZ = 0.28.
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